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1. Backgrounds

Consider the nonlinear SDDE
dx(t) = f(x(t), x(t — 7(¢)))dt + g(x(t), x(t — 7(t)))dB(t) (1)

with initial value &, B(t) := (Bi(t), ..., Bm(t))" be an
m-dimensional standard Brownian motion,

f:RIxRY - RY g:RYxRY = RI>Mand 7(t) : Ry — Ry
are Borel-measurable functions and 0 < 7(t) < 7,t € R4, for some
7> 0.



Asymptotic stability of numerical approximations for the above
SDDE (1) or more general model has been widely investigated in
recent years. In general, to obtain the exponential stability results,
the following Khasminskii-type conditions are usually parts of the
sufficient conditions.

20x, f(x,y)) + llg(x; NP < = Cilx|* + Coly (2)

where ¢ > G > 0.



For example, in [X. Mao, Horwood, Chichester, 2007], Chapter 5,
Razumikhin type theorems are presented for SDDEs, where
conditions in Corollary 6.6 implies (2), in [G. Lan, J. Comput.
Appl. Math., 340(2018), 334-341], Theorem 4.1 implied that if
there is no neutral term, then the MTEM method is mean square
exponentially stable under condition (2), under the same condition,
[Y. Zhang, M. Song, M, Liu, J. Comput. Appl. Math., 403(2022),
113849] obtained exponential stability of stochastic theta method
for nonlinear stochastic differential equations with piecewise
continuous arguments (in this case, 7(t) = t — [t]).



[L. Liu, H. Mo, F. Deng, Appl. Math. Comput., 353(2019)
320-328| obtained mean square exponential stability of split-step
method under stronger conditions (note that they need the
linearity of both f and g), while [L. Liu, Q. Zhu, J. Comput. Appl.
Math., 305(2016) 55-67] and [M. Obradovi¢, M. MiloSevi¢,
Calcolo, 56:2(2019) 1-24] investigated mean square stability of two
class of theta method of neutral stochastic differential delay
equations under similar conditions.



Recently, by considering each component separately, [P. H. A.
Ngoc, L. T. Hieu, IEEE Trans. Automat. Control, 66(2021),
2351-2356] presented a different type of sufficient conditions under
which the trivial solution of given SDDE is mean square
exponentially stable. However, they need the diffusion term g
satisfy linear growth condition.

Motivated by this paper, now suppose that f and g jointly satisfy
the following

m d d
2XII +Z g/le 2§Zausz+zbyyj27 ’Ed (3)
=1 =1 =1

where d :={1,2,...,d}.



Note that by (3) we can only have

d d d d
2(x, f(x,y)) + [lg(x, y)I? < zza,,-xf +) ) byt
j=1 i=1

j=1 i=1

If 29, a; > 0 for some j € d, or
0 < minjeg(— Z?:l ajj) < maxjeg Zle bjj, then (2) can never
hold. Therefore, (3) is a totally different type condition from (2).



To the best of our knowledge, no results can be found for the
exponential stability of numerical methods with condition (3).

In this talk, we will first define two numerical methods (including
6-EM method and MTEM method) for SDDEs, and then we will
investigate the asymptotic mean square exponential stability of the
two given methods.



2. Settings and 6-EM method and MTEM method

Let (Q,.7,{.Z¢}+>0, P) be a complete filtered probability space.
Let us give the definition of the mean square exponential stability
of SDDE (1).

Definition 1: The solution x(t) of SDDE (1) is said to be mean
square exponentially stable if there exists a pair of positive
constants A and C such that

Elx(t)|* < CE|xol?e™ (4)

for all initial value xo € RY.



To investigate mean square exponential stability of solution x(t)
and the corresponding numerical methods of SDDE (1), suppose
f(0,0) = 0,£(0,0) = 0. We also need the following assumptions:

Assumption 1: Assume that both the coefficients f and g in (1)
are locally Lipschitz continuous, that is, for each R > 0 there is
Lr > 0 (depending on R) such that

(%, y) = (X, 7)1V Ig(x,y) —g(x,¥)| < Lr(lx —Xx|+|y —¥|) (5)

for all [x| V |y| Vx|V ]y] <R >0.



Let A be a stepsize such that 7 = mA for some positive integer
m. Then for any 6 € [0, 1], we can define § Euler-Maruyama
method (6-EM for short) Xj as the following:

X =&(kA), k=-m—-m+1,...,0.
Xir1 = Xi + ((1 0)f (Xk,X [T(ZA)]>
6
+ 0f <Xk+1, k1 [(E0) (k+1)A )) (6)

tg (Xk,xk_[M]) ABy, k=0,1,2,...,
A

Here ABy = B((k +1)A) — B(kA) is the increment of the
m-dimensional standard Brownian motion.



Note that if # = 0, it becomes to classical EM method, if § =1, it
is called Backward Euler method. Moreover, since it is an implicit
method for 6 € (0, 1], then it is necessary to make sure that §-EM
method is well defined. So we need the following assumption:

Assumption 2 Assume that f is one-sided Lipschitz continuous,
that is, there is L > 0 such that

(x =%, f(x,y) — f(%,y)) < L|x = %7 (7)
for all x,y,x € RY.

According to [F. Wu, X. Mao, L. Szpruch, Numer. Math. 115
(2010)681-697], [E. Hairer, G. Wanner, Springer, Berlin, 1996] or
[X. Mao, C. Yuan, Imperial College Press, London, 2006], if

LOA < 1, then the 8-EM scheme (6) is well defined.



Now let us consider the so called MTEM method, which is an
explicit method.
For A* > 0, let h(A) be a strictly positive decreasing function
h: (0, A*] — (0, 00) such that

Jlim h(A) = oo and lim Ly ayA =0.
According to [G. Lan, F. Xia, J. Comput. Appl. Math., 334(2018),
1-17.], Remark 2.1, such h always exists.

For any A € (0, A*), we define the modified truncated function of
f as the following:

f(x,y), x|V ]yl < h(A),

f, X, = X
a(x,y) {h|(vA§|f(|:<vA;(X,y)), x|V ly| > h(A).

ga is defined in the same way as fa. Here f(a(x,y)) = f(ax, ay)
forany t > 0,a € (0,1),x,y € RY.



Let A be a stepsize such that 7 = mA for some positive integer m.
Then by using fao and ga, we can define the modified truncated
Euler-Maruyama method (MTEM for short) Xj as the following:

Kot =Xt f (X X, ) &

+ga (xk, XHT(M)]) ABy, k > 0, (8)

A

Xe = €(kD), k= —m,—m+1,...,0.

Here ABy = B((k +1)A) — B(kA) is the increment of the
m-dimensional standard Brownian motion.



Assumption 3:

Let £(x,y) := (A(x, ), B(x, ), ..., fa(x,¥))T € RY and
g(x,y) = (gi(x,y)) € RI*™M. Suppose there exist constants
ajj € Rya;; >0,i#j;b; >0, i,j €d, such that

m d

d
2xfi(x, y) +Z gil(x,y)) Z U)(J'2+Zbﬁ)/1'2 9)
=1 =1

holds for any i € d. And there exist constants p; > 0,/ € d such
that

d
> (aj + by)p; < 0. (10)
j=1



Definition 2: The numerical method Xj is said to be mean square
(or almost surely) exponential stable with rate A > 0 if there exists
A* > 0 such that for any A € (0, A*) the discrete approximation
satisfies

2
log E[Xi[” < —X (or limsup log |2<k| < -\ as.).

lim sup
k—o00 kA k—o0
(11)



Firstly, we have the following exponential stability result for SDDE

(1).

Theorem 1 Suppose Assumptions 1 and 3 hold. Then for any
given initial data &, there always exists a unique solution x (t, &)
and the trivial solution of (1) is exponentially stable in mean
square sense.



Remark 1 Notice that existence and uniqueness of solution to
equation (1) is obvious since local Lipschitz continuity of f and g
implies there exists a unique (local) solution to equation (1), and
Assumption 3 implies

20x, F(x,y)) + [lgCe, P < KL+ [x? + |y [?),

which guarantees the unique solution is global. Moreover, it is
obvious that Assumption 2 includes the case that the noise term g
is not linear growing with respect to space value. On the other
hand, in [P. H. A. Ngoc, L. T. Hieu, IEEE Trans. Automat.
Control, 66(2021), 2351-2356] the diffusion term g must be linear
growing. So our results is a generalization of Theorem 11.2 in Ngoc
and Hieu.



3. Exponential stability of 8-EM method

Theorem 2 Suppose Assumptions 1-3 hold. Moreover, there exist
constants 0 < ¢ < -Minilail 54 p; > 0,/ € d such that

dmax,- |a;,-|
d

gajipi + Z ajipj + Z bijpj < 0. (12)

J#i Jj=1

Then for any fixed 6 € (3, 1], the 6-EM method (6) is mean quare
and almost surely exponentially stable.



Remark 2 Notice that (12) implies

d d
> ap+ ) by < 0. (13)
j=1 j=1

Then similar to the proof of Theorem 11.2 in [Ngoc, Hieu, IEEE
Trans. Automat. Control, 66(2021), 2351-2356], it follows that
the Assumption 3 implies that the solution x (t,£) to (1) is
exponentially stable in mean square sense if (10) holds. Theorem 2
assures that 8-EM method (6) replicates mean square exponential
stability of the exact solution under given conditions.



Theorem 3 Suppose all conditions in Theorem 2 hold, and there
exists a constant K > 0 such that

[FO )< K(Ix]+ Iy D)- (14)

Then for any fixed 0 < 6 < %, A-EM method is mean square and
almost surely exponentially stable for sufficient small step size
A > 0.



Sketch of the Proof of Theorem 2 and 3.

Define Fj := X; — 0f; (xk,xk_[M]) A,
A

= i (X X, ooy ) 81 = & (X X, ot )
k—[T5A)] k—[=5]
The main idea is second principle of mathematical induction.
It is obvious that .
E|X[|? < C'pie PkA (15)

holds for —-.m< k <0,i=1,2,...,d.



Assume that
EIX[P< Cpie®2V—m<I<k—1,i=12.,d (16)

By using

[Fial? < (1= CA)|FP+( ZaU!XflerZbu\Xf s 2)A+M

J#i Jj=1 s~

and the fact that there exist 8 > 0 small enough and &’ > 0 such

that 62?:;";:" <e' <1 and
gajipi + Z ajjpj + Z bljpj _5lﬁpi (17)
JF#i
for any i € d.

We firstly derive that

E|Fi)? < C'e'pie PkA, (18)



Then by
AP = X - 2000 P
> | X2 — 6A ai| X112+ byl 2|,
Xl J;JHJZ;JH y

we can finally derive

d 1 1
Z Xl 1 Z |Fil?
i=1 Pi ~1-D i=1 P/(l - HAau)
d / d X ?
08 bypi\ TG
* JZ; (; 1—-0Aa; p; pj

where D = 27:1 % max;; % < 1 for sufficiently small A.



It follows that
Zd: EIXi2 _ 1 dC'e!e=PkA
pi —1-D 1—<9Amax,'|a,-;|

i=1

j=1i=1 Pi
_ C/e_BkA 1 dEJ
1-D 1—0Amax,~]a,-,-\
D D) PR
1- HAa// Pi

j=1i=1
=: C'e PkAG(D).

Since G(0) = de’ < 1, and G is continuous, then there exists A*
small enough such that G(A) <1 for all A < A*.



If f satisfies linear growth condition, then

J

IF? = (6AK + 202N K?) (S X + X, sy )
1+ 40AK + 262 A2K?2 .

[Xil? >
Thus )
[Fia? < [FE? + (2(1 = 20)K*A + 2) A

|Fil? = (0AK + 202 A K2) (0 IXEIP + 1, zuay )

J A

% 1+ 40AK + 202A2K?2

+3 (201 - 20)K2A + ay)|X]PA
J#I

+Z 1—26)K2A+bu)\XJ kA)]\2A+ML.
j=1



Fial? < P+ CLad) + D (Coa + )| XE LA
J#i

d
+) (Goa + by) |XL_[T(M)]]2A + M
Jj=1 :

where it is obvious that

2(1 - 20)K2A + aji

— — ajj
) 1+40AK +20202K2  °

and

2(1 - 20)K2A + a;;) A
— . 2 2AK2 (
G = 2(1-20)K* A= (0K +20°AKT) T = o

as A — 0.

—0



Then for any C < min; |aji|, we can choose € > 0 and A > 0 small
enough such that

d
|Figal® < |FL!2(1—CA)+Z(30'+€")\Xi\2A+Z(bﬁ+5)lxi_[f(m)]|2+/V/L
J#i j=1 £

Note that (12) implies that there exist 8 > 0 small enough and

¢’ > 0 such that 5% <& < g and
d
caipi+ Y (a5 +&)ps+ Y (b +E)pe’ < —<'Bpi (19)
J#i j=1

for any i € d.

That is, (17) holds for aj; and b;; replaced by aj; + & and bj; + €,
respectively.

Then repeat the following part of the proof of Theorem 2 from line
to line, we complete the proof of Theorem 3.



4. Exponential stability of MTEM method

To obtain the mean exponential stability of MTEM method, we
need the following two Lemmas.

Lemma 1: Suppose the Assumption 1 and Assumption 2 hold.
Then for any fixed A > 0,there exist constant matrices

ajj € R;a;; > 0,i # j; bjj > 0. i € d, such that

2% fai (6 y)+D_gRa(xy) <Y apf+) biyf, i€d (20)
I=1 J=1

Jj=1

for any x, y.



Lemma 2: Suppose Assumption 1 holds. Then for any fixed
A > 0, the modified truncated functions fo and ga are linear
growing with coefficient Lya). That is

[fa(, )V [ga (%, ¥)l < Lygay (IX1 + 1y1) (21)

holds for all x,y € RY.

Remark In [G. Lan, J. Comput. Appl. Math., 340(2018),
334-341], the author proved that both fa and ga are globally
Lipschitz continuous for any fixed A > 0. However, we can only
obtain |[fa(x,y)| < 5Lpa)(Ix| + |y|) while by Lemma 2, we have

IfA (X, ¥)| < Lyay(Ix] + [y]).



Now we are ready to present the main result in this section.

Theorem 4 Suppose Assumptions 1 and 3 hold. Then the MTEM
method (8) is mean quare and almost surely exponentially stable.



Sketch of the Proof of Theorem 4.

By (8), for any k > 0, we have
X2 = IXGP + (X (X X,z
m
Sda(nxgm))a e
=1

+ £, (Xk, Xk_[%]) A% + My



where

m
My =2 <Xé, > eni (kaXk—[%]) AB">

=1

+2 <fAv" (Xk’Xk—[%O alz;gA,i/ (Xk,Xk_[%O ABk> A

d

/zr_n;gA,i/ (Xk,ka[%])

2

> en (le Xp[%]) ABy

I=1
2
A) |




It is obvious that My is a .#xa martingale and EM, = 0. Then, by
Lemmas 1 and 2, we have

ea(k+1)AE‘XL+1‘2 _ eakAE‘XLF

< ea(k+1)A(1 _ efaA)E’XLF

MQ

+ 3 (a +2L5 0 A)E|X] e TDAA

J

+

@1

bij + 2L%(A)A)E|XL[$]|2ea(k+1)AA.

j=1



Since (10) holds, similar to the proof of Theorem 1, there exist
B > 0 and € > 0 small enough such that

d

> (a,-j +e+ e (by + 6)) pj < —Bpi (23)
j=1

forany i e d



Assume that
EIX[]? < Rpre PSE[[l2, k<n—1. (24)

Now for k = n, it follows that

n—1
eomAE|X,’;|2 < E’Xé‘z + Z eoz(lJrl)A(l - efozA
1=0
+ (aii + 2Ll21(A)A)A)E|X/i|2

n—1

+ ) (aj + 2L5a)A) A HDAE X2
1=0 i#j
n—1 d

+) O (b + 2L%(A)A)Ae°‘(’+1)AE\XIJ_[M]]2.
=0 j=1 A



Choose o > rpeagx |aji|, then 1 — e™*A + (a; + 2L%(A)A)A > 0.
eanAE|Xrl;|2

n—1
< EIXGP 4+ e HIA(L — e B 4 (aj + 2L50)A) D) Kipje PR
1=0

n—1
+ Z Z(a,-j + 2Lf,(A)A)Ae°‘(’H)AK;lpjefﬁ’A
=0 i#j
= 2 a(I+1)A _B(I—[TA)))A
+ ) (b +2L5a)A)Ae Kipje 5
=0 j=1

n—1
< EXGP+D (7 = 1)Kyp; - eloFA
1=0

n—1 d

+ )0 (3 + 2L5p)A) + (byj + 2L5 0y A)e" ) piAK e @ ANA,
1=0 j=1

where Ky = KE||¢][2.



Then if we choose the stepsize A > 0 sufficiently small such that
2L%(A)A < e, (23) yields

eanAE‘X,/;F
. (a=B)nA _ 1
2 A €

< EIXg|” 4 Kipi - (77 = 1) - o(a—B)A _ 1

(a—B)nA _ 1

. an €
- KlﬁP/Ae e(a_B)A 1
e(afﬁ)nA -1

_ i12 (A 1 aly |
= E|Xy|” + Kipi - (e 1 - BAe*™) “@PE 1



On the other hand, it is obvious that

A —1— BAe*® = (1 - fA)e*A —1

< e BB god 1 gla—B)A _q (25)

Therefore,
eanAE‘XrI;P < E|X(’)-‘2 + Kip; - (e(a_ﬁ)nA B 1)
- E]X(W — Kipi + Kipi - ela—p)nA (26)
< Kyp; - ele=BmA,



Thus,
EIXI|?> < Kip;j- e P2, (27)

For almost sure exponential stability, a standard procedure of using
Chebyshev inequality and Borel-Cantelli's Lemma implies that
log|X;| _ 8

limsup ——"— < ——, a.s.
n—>oop nA  — 2’



5. Examples

Example 1 Consider a 2-D stochastic differential delay equation
given by

da(t) = (~ p(t) — X} (1) + wxa(t) + sepalt — (1)
+ qgpalt — T()dt + 23 (6)dBa(2)
(28)
dxo(t) = (\6/23Ex1(t) xo(t) + liO“Xl(t 7(t))

+ %04)(2(13 —7(t)))dt + \/gxz(t)d&(t)

for t > 0, where the initial value
¢(s) € C([-7,0],RY), 7(t) = 0.1(1 — |sin(t)|) < 7 = 0.1, and
B(:) = (Bi(), B2(:))" is a 2-D Brownian motion.



Clearly

2X1f1(X7y) + glzl(xay) + g122(X7y)
2 4 8 2 2 4

_ 2 3 4
= _gxl — §X1X1 + gX1X2 + le}ﬁ + leﬂ + §X1

399 ,

1 1
< _ 2, + o L 5
S “5o0d T2t gani T e’

for any x,y € R? and

2X2f2(X7y) + g221(X7.y) + g222(X7y)

2/38 8 2 2

= X1Xo — x2 + 104X2y1 + 10%
Lo 399 , 1, 1
—X] — =X + — —

= 56"1 7 5000 "2 1o4y1 104y2

TAzX2Y2

for any y € R



If we take

L399 1 399

11 — 5000’ 12 = £,d21 — 56° 22 — 5000’
1 1 1 1

1= qgar P2 = qgar P21 = e P22 = gor

__ 499 1 _  min;aj — — i
and choose € = 555 < 5 = Tmax a7 PL = 500, po = 1, we obtain

that
gai1p1 + apo + biipr + biapr <0

az1p1 + €axap2 + baip1 + baopr < 0.



Since both f and g are locally Lipschitz continuous. Thus, there
exists a unique global solution to equation (28), and the trivial
solution is exponentially stable in mean square sense by Theorem
1. Moreover, mean square and almost sure exponential stability
holds for the 8-EM method for any fixed 6 € (%, 1] by Theorem 2.

By Theorem 4, the MTEM method is also mean square and almost
surely exponentially stable.



Meanwhile, we can find

2(x, f(x, ) + lg(x, ¥)II?
:2X1f1(X7y) + 2X2f2(X7.y) +g12]_(X,_)/)
+ gh(x, y) + g221(x ¥) + ga(x.y)

29
. 2/38 8 2 (29)
= fx +(——+- )x1x2 X2 + —x1y1
5 625 5 104

2 2
+ T 10% X1y2 + 10% x2y1 + 104722



We claim that (29) could not be written as Khasminskii-type
condition (2). Indeed, it follows that

20x, f(x,y)) + llg(x, I

2 V38 4 1 8 1 1
< —5x + (Gag T ) + . 26) = 56 + g (nd + -x)

1 1 1 1 1 1
(n3xq + 2) (nax3 + 2) (nsx3 + *)/2)

T 104 104
1
= — 157 (4000 — (16@ +8000)n; — ny — n3)x2
8000 + 161/38 )
104(16000 e e ns) X3
1,1 1., 1,1 1 _,
+ 104(172 + n4)y1 + 104(n3 + n5)y2'

for any ny, no, n3, ng, ns > 0.



However, if (2) holds for some C; > C, > 0, then we must have

1
—— min{4000 — (161/38 -+ 8000)n; — np — ns,

104
8000 4 161/38
16000 — 0 FIOVIS nst > G

n

(30)

for some nq, no, n3, ng, ns > 0.

Since there is no ny > 0 such that 4000 — (16+/38 4 8000)n; > 0
and 16000 — SOOO‘ZM > 0, (29) can never be written in the form
of Khasminskii-type conditions (2).

However, we can get mean square exponential stability of both the
exact solution x(t) and the §-EM method Xj for any fixed

0 € (1,1] by Theorem 1 and Theorem 2. And Xy is also almost
surely exponentially stable.

Moreover, the MTEM method is also mean square and almost
surely exponentially stable by Theorem 4.



Example 2 Consider the following 2-D stochastic differential delay
equation

ixz(t —7(t)))dt

da(t) = (—ga(t) + gra(t) + gpalt = () + 15

+ \/5:r0x1(t)d81(t)

sz(t —7(t)))dt

7X1(t — T(t)) + 104

(31)
for t > 0, with initial value £(s) € C([~7,0],R?), where
7=0.1,0 € [-7,0], 7(t) = 0.1]sin(t)| < 7.



Similar to Example 1, it is easy to verify that (9) holds for

L399 1 399

1= 50 12 T 4921 T 565922 =~
1 1 1 1

11 = 108 P12 = qgar P21 = g8 P22 = 1o

and (12) holds for & = 725 p; = 500, p, = 1. It is easy to see f
satisfies (14).

Therefore, it follows that the §-EM method (it is well defined since
f is global Lipschitz continuous in this case) is mean square and
almost surely exponentially stable for any fixed 0 < 0 < % by
Theorem 3.

Moreover, the MTEM method is also mean square and almost
surely exponentially stable by Theorem 4.



Thanks!




